This paper presents a novel procedure for the representation and coding of 3D surfaces using hierarchical adaptive triangulation. The proposed procedure is based on pyramidal analysis using the Quincunx Sampling Minimum Variance Interpolation (QMVINT) filters. These are reduced pyramids with quincunx sampling applied to the parametric representation of the surface, chosen so as to minimize the variance of the interpolation error, and thus optimize the compression of the mesh information transmitted. At the same time, it produces a hierarchy of meshes based on quincunx sampling where coarse meshes are as similar to their finer versions as possible. This is very much desirable in progressive transmission. The result is a progressive sequence of meshes consisting of more triangles wherever large variations exist and fewer in uniform regions. Complete correspondence between triangles at each level is identified, resulting to an efficient hierarchical representation of the mesh. Experimental results demonstrate the efficient performance of the algorithm.
INTRODUCTION
Polygonal surface approximation is an essential preprocessing step in applications such as scientific visualization, digital terrain modeling and 3D model based video coding. In these areas, it is often required to adapt the number of triangles representing the object to the needs of specific applications. Additionally, 3D range sensing is capable of producing detailed and densely sampled triangular meshes of high quality. Such meshes place large strains on computation, storage, transmission and display resources. Compression is essential in these settings and in particular progressive compression, where an early, coarse approximation can subsequently be improved through the transmission of additional bits. While compression of images has achieved a high level of sophistication, compression of surfaces is a relative new area which is currently evolving.
Several adaptive mesh simplification techniques have been presented in the literature. In [1] the wavelet transform (WT) is used as an overall mathematical framework controlling the data approximation. In [2] progressive meshes are introduced and complete correspondence between vertices in different levels of the hierarchy is established, something that cannot be easily achieved for triangles/faces at different levels. In [3] the generalization of signal processing tools such as downsampling, upsampling and filters to irregular connectivity triangle meshes was presented. In both [2] and [3] compression of mesh information was not considered. In [4] the mesh object to be compressed is converted into a generalized mesh form, which requires much less information for its description, with little loss in the representation quality. However, the coding/compression scheme is not integrated with the simplification scheme. For an excellent overview of 3D geometry compression see [5] . Simple mesh refinement techniques have been applied for other applications, such as model-based coding. In [6] new points are added to an initially uniform wireframe wherever large reconstruction errors of the real surface occur.
In this paper a novel procedure is presented for the adaptive hierarchical representation of 3D surfaces. The procedure is based on pyramidal analysis using the Quincunx Sampling Minimum Variance Interpolation (QMVINT) filters [7] . These filters are applied to the parametric representation of the surface. Each sample used by the filters for the prediction of a vertex value, along with the vertex whose value was predicted, are candidates for becoming triangularly connected vertices of the mesh. Instead of transmitting the actual values of the mesh vertices, the uncorrelated prediction errors of the QMVINT pyramid are transmitted, resulting to compression of the mesh information. The filters are chosen so as to minimize the variance of the error transmitted and in this sense to optimize the compression of the mesh information transmitted. At the same time, a hierarchy is produced, based on quincunx sampling, where coarse meshes are as similar to their finer versions as possible.
An adaptive triangulation procedure is then proposed, placing more triangles in highly detailed areas where the larger prediction errors occur. The triangulation algorithm is integrated with a bit allocation procedure based on the variances of the prediction errors at each hierarchy level. At each level, the prediction errors of all predicted vertices are calculated and sorted with the vertices corresponding to higher errors being put first on the list. In this way the vertices with larger errors are transmitted first and triangulated at the receiver until the available bitrate for each level is exhausted. This procedure extends from the coarser to the finer level, until the desired detail of the mesh is reached. Precise correspondence between triangles at each level is achieved, resulting to a fully hierarchical representation of the mesh. It is also possible to select a region of interest and to reconstruct this region in full detail while coarsely approximating the rest of the surface. The number of vertices and triangles of the resulting mesh is not controlled through a predefined threshold, as is often the case, but rather, it is integrated with the available bitrate, either for storage or for transmission purposes, through the bit allocation procedure. The algorithm is shown to be computationally efficient.
The paper is organized as follows. The mathematical framework of quincunx sampling and the QMVINT filters along with the bit allocation and prioritized transmission procedures are given in Section 2. The adaptive triangulation procedure performed at the receiver is described in Section 3. Experimental results are given in Section 4.
OPTIMIZATION OF 2D HIERARCHICAL INTERPOLATION

Surface Parametrization
In the algorithm proposed, the surface to be approximated is assumed to be represented as a parametric function
in the parametric space , determined by the position of a set of control points or nodes
. This representation is more flexible than an explicit one of the form
since it allows for arbitrary, possibly closed wire-frame surfaces to be defined. The filters are applied to the 2D parametric representation of the surface
as though it were a 2D image with intensity equal to
. Such surfaces include also depth images estimated from stereo pairs [9] , as well as every surface that is homomorphic to a plane, cylinder or torus may be presented by the proposed multi-resolution scheme.
Reduced pyramid with quincunx sampling matrix M and filters
. The corresponding triangulation is shown in Fig. 2. 
Hierarchical Interpolation
Hierarchical interpolation based on quincunx sampling has been widely used in progressive image transmission terminating with a lossless version of the image. This class contains the recently proposed "Reduced Laplacian Pyramid" [10] as well as the 2D version of the "Hierarchical Interpolation" (HINT) method. Based on these schemes, at the decoder/receiver side the synthesis process takes place as shown in Fig. 1 . Referring to the synthesis process in Fig. 1 it is assumed that the black vertices arrive. This is a lowresolution version of the original image produced by the corresponding level at the encoder side. On applying the quincunx oversampling procedure, indicated byba , the grey vertices are created. The value of these grey vertices is estimated by interpolation of the previously transmitted black vertices. The interpolation procedure is performed by the linear filter with transfer function
as shown in the figure. The estimated value is then rounded, an operation indicated by R in the figure. The interpolation errors have been estimated at the encoder/transmitter side, with a similar scheme. Those transmitted errors are added to the estimated values and the real value for each vertex is obtained. This procedure is continued at the next level, where the white vertices are introduced by the upsampling. The associated proposed triangulation procedure, that takes place in the receiver, can be seen in Fig. 2 . In Fig. 2(a) full triangulation at each level of the algorithm is shown, meaning that the error of each vertex has been transmitted. In Fig.  2(b) only some of the vertices are triangulated, meaning that only vertices with higher errors have been transmitted until the available for that level bitrate was exhausted.
Since quincunx sampling is to be used as the basis for the triangulation procedure, the optimum form of hierarchical interpolation based on quincunx sampling is used in this paper. This optimum form, presented originally in [7] guar- . It can be shown [7, 11] that the optimal post-filter minimizing the corresponding mean-square error variance is obtained by
or by solving in the time domain the following equation
For the design of these filters, it is necessary to specify the spectral densities describing the class of parametric representations which are of interest. Two spectral density models, the "separable" and the "isotropic", appear sufficient for the accurate characterization of the great majority of representations encountered in practice. The optimal post-filters are determined separately for each of these models [7] .
Optimum bit Allocation Depending on the capacity of the transmission channel, a total size of B bits/vertex is assumed to be transmitted to the receiver for the creation of the mesh. This information consists of the prediction errors along with the position information of the vertices. The available bitrate is allotted to each level depending on the error variances and the number of vertices at this level.
Error Prioritization and Entropy Estimation At each hierarchy level the prediction errors corresponding to all pre- and in case of triangulation, the triangles shown at the scheme are created, in (a) odd-numbered and (b) even-numbered stages of the algorithm.
dicted vertices are calculated and sorted with the vertices corresponding to higher errors being put first on the list.
ADAPTIVE TRIANGULATION PROCEDURE
At the receiver side, a proper triangulation representing the 3D surface is created using the received information, the QMVINT pyramid and the quincunx sampling geometry. At each level, for each new vertex received, the following triangulation procedure is applied.
Step 1 The synthesis stage of the QMVINT pyramid and the received error information are used to reconstruct the initial value of the vertex:
Step 2 The vertex , as shown in Fig. 3 . Equivalently, the triangles added to m are the ones shown at the scheme.
Step 3 If all Step 4 The next vertex received is then triangulated starting from Step 1.
EXPERIMENTAL RESULTS
The proposed hierarchical adaptive triangulation algorithm of 3D surfaces was evaluated for 3D mesh adaptive representation and compression of real surfaces. The "Venus" dense map used was created from range data obtained from a laser scan of a statue. The original parametric representation (depth map in this application) and surface are shown in Fig. 4a ,b. The algorithm was tested for the creation of adaptive meshes coded at 0.5 bits per vertex. This resulted in adaptive 3D models able to reproduce with sufficient accuracy the original surfaces, with much fewer vertices and triangles than the originals, as well as very low bitrate transmission requirements, compared with the original entropy of the depth maps. The meshes and the reconstructed surfaces for levels 0, 1 and 2 are shown in Fig. 4c,d, 4e ,f, 4g,h.
